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Matrix	  Cascade	  EquaFon	  (MCEq)*	  starts	  with	  a	  nucleon	  of	  
energy	  E0	  and	  integrates	  in	  steps	  of	  dX	  for	  each	  θ	  with	  a	  
matrix	  of	  65	  parFcle	  types	  and	  8	  energy	  bins	  per	  decade.	  
*haps://github.com/afedynitch/MCEq	  
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For	  a	  power-‐law	  primary	  spectrum	  of	  nucleons	  with	  
integral	  spectral	  index	  	  	  
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How	  the	  νμ	  spectrum	  steepens	  

•  Steepening	  first	  for	  π±	  component	  
–  Later	  for	  kaon	  component	  (	  επ	  	  <<	  εK	  )	  

•  Steepening	  first	  for	  near	  verFcal	  
–  Later	  for	  more	  horizontal	  (	  1/cosθ	  )	  

•  	  π	  to	  νμ	  suppressed	  	  
– Muon	  carries	  most	  of	  energy	  in	  π	  	  	  	  	  μ	  +	  νμ	  

•  Kaon	  channel	  dominates	  for	  E(νμ)	  >	  100	  GeV	  
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EvoluFon	  of	  angular	  distribuFon	  
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Pion,	  kaon	  fracFons	  vs.	  E	  for	  νμ	  &	  μ	  
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Summary	  of	  μ+/μ-‐	  measurements	  
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Muon	  charge	  raFo	  
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hadronic process. For example, a particularly important moment
for this paper is

ZpKþ ¼
1
r

Z
xc drðxÞ

dx
dx ð5Þ

for the process

pþ air ! Kþ þKþ anything: ð6Þ
The normalized inclusive cross section is weighted by xc where c is
the integral spectral index for a power-law spectrum and x = EK/Ep.
Feynman scaling is assumed in these approximate formulas, so the
parameters may vary slowly with energy, especially near threshold.
However, the scaling approximation is relatively good because the
moment weights the forward fragmentation region.

2.1. Charged pion channel

The next step is to solve the coupled equations for the produc-
tion of charged pions by nucleons separately for P+(X) + P%(X) and
for Dp = P+(X) %P%(X). The solutions are then convolved with the
probability per g/cm2 for decay to obtain the corresponding pro-
duction spectra of muons and neutrinos. The decay kinematic fac-
tors are
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for neutrinos. In each of Eqs. (7) and (8) the first expression is a low-
energy limit and the second a high energy limit, where low and high
are with respect to the critical energy !p. The ratio rp ¼ m2

l=m2
p ¼

0:5731. The forms for two-body decay of charged kaons are the same
with rK = 0.0458.

The production spectra are then integrated over slant depth
through the atmosphere to obtain the corresponding contributions
to the lepton fluxes. Finally, the low and high-energy forms are
combined into a single approximate expression.

For example, for the flux of ml þ !ml the expression is
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Here /N (Em) = dN/d ln (Em) is the primary spectrum of nucleons (N)
evaluated at the energy of the neutrino. The three terms in brackets
correspond to production from leptonic and semi-leptonic decays of
pions, kaons and charmed hadrons respectively. The term for
prompt neutrinos from decay of charm has been included in Eq.
(9) (see Ref. [10]) but will not be discussed further here.

The numerator of each term of Eq. (9) has the form

Aim ¼
ZNi & BRim & Zim

1% ZNN
; ð10Þ

with i = p±, K, charm and BRim is the branching ratio for i ? m. The
first Z-factor in the numerator is the spectrum weighted moment
of the cross section for a nucleon (N) to produce a secondary hadron
i from a target nucleus in the atmosphere, defined as in Eq. (5). The
second Z-factor is the corresponding moment of the decay distribu-
tion for i ? m + X, which is written explicitly in Eq. (8). The second
term in each denominator is the ratio of the low-energy to the
high-energy form of the decay distribution [11]. The forms for
muons are the same, but the kinematic factors differ in a significant
way (Eq. (7) instead of Eq. (8)). Explicitly, for neutrinos
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The forms for kaons are the same as functions of rK and KK.
The separate solutions for p+ ? l+ + ml and p% ! l% þ !ml have

the form

/pðElÞ' ¼ /NðElÞ
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The numerical values are based on fixed target data in the energy
range of hundreds of GeV [11]. The factors B'pl differ by less than
one per cent. To this accuracy, the charge ratio of muons can there-
fore be written in the form

lþ
l% (

1þ bd0ap

1% bd0ap
¼ fpþ

1% fpþ
; ð14Þ

where fpþ ¼ ð1þ bd0apÞ=2 is the fraction of positive muons from
decay of charged pions.

2.2. Leptons from decay of kaons

The situation becomes more complex when the contribution
from kaons is considered. In the first place, because the critical
energies are significantly different for pions and kaons, the two
contributions have to be followed separately. In addition the
charge ratio of muons from decay of charged kaons is larger than
that from pion decay because the process of associated production
in Eq. (6) has no analog for forward production of K%. Instead, asso-
ciated production by neutrons leads to KK0.

For the charge separated analysis of kaons it is useful to divide
kaon production by nucleons into a part in which K+ and K% are
produced equally by neutrons and by protons and another for asso-
ciated production, which is treated separately. Then in the approx-
imation that kaon production by pions in the cascade is neglected,
the spectrum of negative muons from decay of K% is

/KðElÞ% ¼
ZNK%

ZNK
/NðElÞ

ANK

1þ BKl cosðhÞEl=!K
: ð15Þ

There is an equal contribution of central production to positive
kaons, but in addition there is the contribution from associated
production. The total contribution of the kaon channel to positive
muons is

/KðElÞþ ¼ /NðElÞANK &
1
2 ð1þ aKbd0Þ

1þ BþKl cosðhÞEl=!K
: ð16Þ
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pions, kaons and charmed hadrons respectively. The term for
prompt neutrinos from decay of charm has been included in Eq.
(9) (see Ref. [10]) but will not be discussed further here.

The numerator of each term of Eq. (9) has the form

Aim ¼
ZNi & BRim & Zim

1% ZNN
; ð10Þ

with i = p±, K, charm and BRim is the branching ratio for i ? m. The
first Z-factor in the numerator is the spectrum weighted moment
of the cross section for a nucleon (N) to produce a secondary hadron
i from a target nucleus in the atmosphere, defined as in Eq. (5). The
second Z-factor is the corresponding moment of the decay distribu-
tion for i ? m + X, which is written explicitly in Eq. (8). The second
term in each denominator is the ratio of the low-energy to the
high-energy form of the decay distribution [11]. The forms for
muons are the same, but the kinematic factors differ in a significant
way (Eq. (7) instead of Eq. (8)). Explicitly, for neutrinos

Bpm ¼
cþ 2
cþ 1

# $
1

1% rp

# $
Kp %KN

Kp lnðKp=KNÞ

# $
ð11Þ

and for muons

Bpl ¼
cþ 2
cþ 1

# $
1% ðrpÞcþ1

1% ðrpÞcþ2

 !
Kp %KN

Kp lnðKp=KNÞ

# $
: ð12Þ

The forms for kaons are the same as functions of rK and KK.
The separate solutions for p+ ? l+ + ml and p% ! l% þ !ml have

the form

/pðElÞ' ¼ /NðElÞ
Apl & 0:5ð1' apbd0Þ
1þ B'pl cosðhÞEl=!p

; ð13Þ

where

B'pl ¼ Bpl
1' apbd0

1' cpapbd0
:

Here

b ¼ 1% Zpp % Zpn

1% Zpp þ Zpn
( 0:909; bp ¼

1% Zpþpþ % Zpþp%

1% Zpþpþ þ Zpþp%
( 0:929;

ap ¼
Zppþ % Zpp%

Zppþ þ Zpp%
( 0:165

and

cp ¼
1%KN=Kp

1% bKN=ðbpKpÞ
1þ lnðbp=bÞ

lnðKp=KNÞ

% &
( 1:01:

The numerical values are based on fixed target data in the energy
range of hundreds of GeV [11]. The factors B'pl differ by less than
one per cent. To this accuracy, the charge ratio of muons can there-
fore be written in the form

lþ
l% (

1þ bd0ap

1% bd0ap
¼ fpþ

1% fpþ
; ð14Þ

where fpþ ¼ ð1þ bd0apÞ=2 is the fraction of positive muons from
decay of charged pions.

2.2. Leptons from decay of kaons

The situation becomes more complex when the contribution
from kaons is considered. In the first place, because the critical
energies are significantly different for pions and kaons, the two
contributions have to be followed separately. In addition the
charge ratio of muons from decay of charged kaons is larger than
that from pion decay because the process of associated production
in Eq. (6) has no analog for forward production of K%. Instead, asso-
ciated production by neutrons leads to KK0.

For the charge separated analysis of kaons it is useful to divide
kaon production by nucleons into a part in which K+ and K% are
produced equally by neutrons and by protons and another for asso-
ciated production, which is treated separately. Then in the approx-
imation that kaon production by pions in the cascade is neglected,
the spectrum of negative muons from decay of K% is

/KðElÞ% ¼
ZNK%

ZNK
/NðElÞ

ANK

1þ BKl cosðhÞEl=!K
: ð15Þ

There is an equal contribution of central production to positive
kaons, but in addition there is the contribution from associated
production. The total contribution of the kaon channel to positive
muons is

/KðElÞþ ¼ /NðElÞANK &
1
2 ð1þ aKbd0Þ

1þ BþKl cosðhÞEl=!K
: ð16Þ
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Here

aK ¼
ZpKþ # ZpK#

ZpKþ þ ZpK#

and

BþKl ¼ BKl $
1þ bd0aK

1þ bd0aKð1# lnðbÞ=lnðKK=KNÞÞ
:

Combining the expressions for l+ and l# from pions (Eq. (13))
and from kaons (Eqs. (15) and (16)), the muon charge ratio is

lþ
l# ¼

fpþ
1þ Bpl cosðhÞEl=!p

þ
1
2 ð1þ aKbd0ÞAKl=Apl

1þ BþKl cosðhÞEl=!K

" #

$ ð1# fpþ Þ
1þ Bpl cosðhÞEl=!p

þ
ðZNK#=ZNKÞAKl=Apl

1þ BKl cosðhÞEl=!K

! "#1

: ð17Þ

For the pion contribution, isospin symmetry allows the pion terms
in the numerator and denominator to be expressed in terms of fþp as
defined after Eq. (14) above. The kaon contribution does not have
the same symmetry. Numerically, however, the differences are at
the level of a few per cent, as discussed in the results section.

3. Primary spectrum of nucleons

What is relevant for calculating the inclusive spectrum of
leptons in the atmosphere is the spectrum of nucleons per GeV/
nucleon. This is because, to a good approximation, the production
of pions and kaons occurs at the level of collisions between individ-
ual nucleons in the colliding nuclei. To obtain the composition from
which the spectrum of nucleons can be derived we use the mea-
surements of CREAM [6,7], grouping their measurements into the
conventional five groups of nuclei, H, He, CNO, Mg–Si and Mn-Fe.

Direct measurements of primary nuclei extend only to
'100 TeV total energy. Because we want to calculate spectra of
muons and neutrinos up to a PeV, we need to extrapolate the direct
measurements to high energy in a manner that is consistent with
measurements of the all-particle spectrum by air shower experi-
ments in the knee region (several PeV) and beyond, as illustrated
in the left panel of Fig. 1. To do this we adopt the proposal of Hillas
[23] to assume three populations of cosmic rays. The first popula-
tion can be associated with acceleration by supernova remnants,

with the knee signaling the cutoff of this population. The second
population is a higher-energy galactic component of unknown
origin (‘‘Component B’’), while the highest energy population is as-
sumed to be of extra-galactic origin.

Following Peters [24] we assume throughout that the knee and
other features of the primary spectrum depend on magnetic
rigidity,

R ¼ pc
Ze
; ð18Þ

where Ze is the charge of a nucleus of total energy Etot = pc. The
motivation is that both acceleration and propagation in models that
involve collisionless diffusion in magnetized plasmas depend only
on rigidity. The rigidity determines the gyroradius of a particle in
a given magnetic field B according to

rL ¼ R=B: ð19Þ

Peters pointed out that if there is a characteristic rigidity, Rc

above which a particular acceleration process reaches a limit (for
example because the gyroradius is larger that the accelerator), then
the feature will show up in total energy first for protons, then for
helium and so forth for heavier nuclei according to

Ec
tot ¼ A$ EN;c ¼ Ze$ Rc: ð20Þ

Here EN is energy per nucleon, A is atomic mass and Ze the nuclear
charge. The first evidence for such a Peters cycle associated with the
knee of the cosmic-ray spectrum comes from the unfolding analysis
of measurements of the ratio of low-energy muons to electrons at
the sea level with the KASCADE detector [15].

In what follows we assume that each of the three components
(j) contains all five groups of nuclei and cuts off exponentially at
a characteristic rigidity Rc,j. Thus the all-particle spectrum is given
by

/iðEÞ ¼
P3

j¼1
ai;jE

#ci;j $ exp #
E

ZiRc;j

! "
: ð21Þ

The spectral indices for each group and the normalizations are given
explicitly in Table 1. The parameters for Population 1 are from Refs.
[6,7], which we assume can be extrapolated to a rigidity of 4 PV to
describe the knee. In Eq. (21) /i is dN/dlnE and ci is the integral
spectral index. The subscript i = 1, 5 runs over the standard five

100

101

102

103

104

103 104 105 106 107 108 109 1010 1011 1012

E
2.

5 dN
/d

E
 

 (m
-2

sr
-1

s-1
G

eV
1.

5 )

Etotal  (GeV)

p He

CNO

MgSi

Fe

Grigorov
Akeno

MSU
KASCADE

HEGRA
CasaMia

Tibet-SIBYLL
KASCADE-Grande

AGASA
HiRes1&2

Auger2009
Allparticle fit

101

102

103

104

103 104 105 106 107 108 109

E
2.

5 dN
/d

E
 

 (m
-2

sr
-1

s-1
G

eV
1.

5 )

EN  (GeV/nucleon)

All nucleon
     -2.7

Polygonato

Fig. 1. Left: three-population model of the cosmic-ray spectrum from Eq. (21) compared to data [12–22]. The extra-galactic population in this model has a mixed
composition. Right: Corresponding fluxes of nucleons compared to an E#2.7 differential spectrum of nucleons and to the all nucleon flux implied by the Polygonato model
(galactic component only) [25].

T.K. Gaisser / Astroparticle Physics 35 (2012) 801–806 803

Include	  K	  à	  μ	  +	  νμ	  
TG	  Astropart.	  Phys.	  35(2012)	  801	  

Author's personal copy

Here

aK ¼
ZpKþ # ZpK#

ZpKþ þ ZpK#

and

BþKl ¼ BKl $
1þ bd0aK

1þ bd0aKð1# lnðbÞ=lnðKK=KNÞÞ
:

Combining the expressions for l+ and l# from pions (Eq. (13))
and from kaons (Eqs. (15) and (16)), the muon charge ratio is

lþ
l# ¼

fpþ
1þ Bpl cosðhÞEl=!p

þ
1
2 ð1þ aKbd0ÞAKl=Apl

1þ BþKl cosðhÞEl=!K

" #

$ ð1# fpþ Þ
1þ Bpl cosðhÞEl=!p

þ
ðZNK#=ZNKÞAKl=Apl

1þ BKl cosðhÞEl=!K

! "#1

: ð17Þ

For the pion contribution, isospin symmetry allows the pion terms
in the numerator and denominator to be expressed in terms of fþp as
defined after Eq. (14) above. The kaon contribution does not have
the same symmetry. Numerically, however, the differences are at
the level of a few per cent, as discussed in the results section.

3. Primary spectrum of nucleons

What is relevant for calculating the inclusive spectrum of
leptons in the atmosphere is the spectrum of nucleons per GeV/
nucleon. This is because, to a good approximation, the production
of pions and kaons occurs at the level of collisions between individ-
ual nucleons in the colliding nuclei. To obtain the composition from
which the spectrum of nucleons can be derived we use the mea-
surements of CREAM [6,7], grouping their measurements into the
conventional five groups of nuclei, H, He, CNO, Mg–Si and Mn-Fe.

Direct measurements of primary nuclei extend only to
'100 TeV total energy. Because we want to calculate spectra of
muons and neutrinos up to a PeV, we need to extrapolate the direct
measurements to high energy in a manner that is consistent with
measurements of the all-particle spectrum by air shower experi-
ments in the knee region (several PeV) and beyond, as illustrated
in the left panel of Fig. 1. To do this we adopt the proposal of Hillas
[23] to assume three populations of cosmic rays. The first popula-
tion can be associated with acceleration by supernova remnants,

with the knee signaling the cutoff of this population. The second
population is a higher-energy galactic component of unknown
origin (‘‘Component B’’), while the highest energy population is as-
sumed to be of extra-galactic origin.

Following Peters [24] we assume throughout that the knee and
other features of the primary spectrum depend on magnetic
rigidity,

R ¼ pc
Ze
; ð18Þ

where Ze is the charge of a nucleus of total energy Etot = pc. The
motivation is that both acceleration and propagation in models that
involve collisionless diffusion in magnetized plasmas depend only
on rigidity. The rigidity determines the gyroradius of a particle in
a given magnetic field B according to

rL ¼ R=B: ð19Þ

Peters pointed out that if there is a characteristic rigidity, Rc

above which a particular acceleration process reaches a limit (for
example because the gyroradius is larger that the accelerator), then
the feature will show up in total energy first for protons, then for
helium and so forth for heavier nuclei according to

Ec
tot ¼ A$ EN;c ¼ Ze$ Rc: ð20Þ

Here EN is energy per nucleon, A is atomic mass and Ze the nuclear
charge. The first evidence for such a Peters cycle associated with the
knee of the cosmic-ray spectrum comes from the unfolding analysis
of measurements of the ratio of low-energy muons to electrons at
the sea level with the KASCADE detector [15].

In what follows we assume that each of the three components
(j) contains all five groups of nuclei and cuts off exponentially at
a characteristic rigidity Rc,j. Thus the all-particle spectrum is given
by

/iðEÞ ¼
P3

j¼1
ai;jE

#ci;j $ exp #
E

ZiRc;j

! "
: ð21Þ

The spectral indices for each group and the normalizations are given
explicitly in Table 1. The parameters for Population 1 are from Refs.
[6,7], which we assume can be extrapolated to a rigidity of 4 PV to
describe the knee. In Eq. (21) /i is dN/dlnE and ci is the integral
spectral index. The subscript i = 1, 5 runs over the standard five
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Table 5 Summary of the assumed parameters and related values
appearing in the charge ratio parameterization (Eq. 3). The parameters
are classified according to the main dependencies

Parameter Value Ref.

Parameters depending on hadronic interactions

Z pπ+ 0.046 [2]

Z pπ− 0.033 [2]

Z pK − 0.0028 [2]

β 0.909 [22]

Parameters depending on primary spectral index

Aπ 0.675 Z Nπ [7]

AK 0.246 Z N K [7]

Bπ 1.061 [7]

BK 1.126 [7]

Parameters depending on primary composition

b −0.035 [2]

Critical energies

επ 115 GeV [22]

εK 850 GeV [22]
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Fig. 4 Our measurement of the muon charge ratio as a function
of the surface energy Eµ (black points). The two-dimensional fit in
(Eµ, cos θ∗) yields a measurement of the composition parameter δ0 and
of the factor Z pK + . The fit result is projected on the average OPERA
zenith ⟨cos θ∗⟩ ≃ 0.7 and shown by the continuous line. Results from
other experiments, L3+C (only for 0.675 < cos θ < 0.75) [12], MINOS
Near and Far Detectors [13,14], CMS [15] and Utah [16], are also shown
for comparison

& K +. On the other hand K − are equally produced in K +K −

pairs by protons and neutrons (Z pK − ≃ ZnK − ).
A linear energy dependence in logarithmic scale of the

parameter δ0 was assumed, δ0 = a + b log10(EN /GeV/nu-
cleon), as suggested by direct measurements of the primary
composition and by the Polygonato model [23]. We fixed
the slope at b = −0.035 which was obtained fitting the val-
ues reported in [2]. All the assumptions on the parameters
appearing in Eq. 3 are summarized in Table 5.

We made a two-dimensional fit of OPERA and L3+C data
as a function of (Eµ, cos θ∗) to Eq. 3 with δ0 and Z pK + as
free parameters. The fit yields the composition parameter at
the average energy measured by OPERA ⟨Eµ⟩ = 2 TeV
(corresponding to ⟨EN ⟩ ≈ 20 TeV/nucleon) δ0(⟨Eµ⟩) =
0.61 ± 0.02 and the factor Z pK + = 0.0086 ± 0.0004.

The result of the fit in two variables (Eµ, cos θ∗) is pro-
jected on the average OPERA zenith ⟨cos θ∗⟩ ≃ 0.7 and is
shown in Fig. 4 together with the measured charge ratio as a
function of the surface muon energy.

4 Conclusions

The atmospheric muon charge ratio Rµ was measured with
the complete statistics accumulated along the five years of
data taking. The combination of the two data sets collected
with opposite magnet polarities allows reaching the most
accurate measurement in the high energy region to date. The
underground charge ratio was evaluated separately for single
and for multiple muon events. For single muons, the inte-
grated Rµ value is

Rµ(nµ = 1) = 1.377 ± 0.006(stat.)+0.007
−0.001(syst.)

while for muon bundles

Rµ(nµ > 1) = 1.098 ± 0.023(stat.)+0.015
−0.013(syst.)

The integral value and the energy dependence of the charge
ratio for single muons are compatible with the expecta-
tion from a simple model [2,22] which takes into account
only pion and kaon contributions to the atmospheric muon
flux. We extracted the fractions of charged pions and kaons
decaying into positive muons, fπ+ = 0.5512 ± 0.0014 and
fK + = 0.705 ± 0.014.

Considering the composition dependence embedded in
Eq. 3, we inferred a proton excess in the primary cosmic
rays δ0 = 0.61±0.02 at the energy ⟨EN ⟩ ≈ 20 TeV/nucleon
and a spectrum weighted moment Z pK + = 0.0086±0.0004.

The observed behaviour of Rµ as a function of the surface
energy from ∼ 1 TeV up to 20 TeV (about 200 TeV/nu-
cleon for the primary particle) shows no deviations from a
simple parametric model taking into account only pions and
kaons as muon parents, supporting the hypothesis of lim-
iting fragmentation up to primary energies/nucleon around
200 TeV.
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The results of a 3þ 1 sterile neutrino search using eight years of data from the IceCube Neutrino
Observatory are presented. A total of 305 735 muon neutrino events are analyzed in reconstructed energy-
zenith space to test for signatures of a matter-enhanced oscillation that would occur given a sterile neutrino
state with a mass-squared differences between 0.01 and 100 eV2. The best-fit point is found to be at
sin2ð2θ24Þ ¼ 0.10 and Δm2

41 ¼ 4.5 eV2, which is consistent with the no sterile neutrino hypothesis with a
p value of 8.0%.

DOI: 10.1103/PhysRevLett.125.141801

Introduction.—The three-flavor massive neutrino oscil-
lation formalism has been well-established experimentally
[1–4]. The standard paradigm has also been challenged, by
several experiments exhibiting anomalous νe (ν̄e) appear-
ance in νμ (ν̄μ) beams [5,6]. These anomalies can be
interpreted as evidence for subleading oscillations of
νμ → νe or ν̄μ → ν̄e caused by additional neutrinos with
large mass-squared differences in the range of Δm2 ∼
0.1–10 eV2 [7–11]. On the other hand, measurements of
the Z-boson decay width to invisible final states demonstrate
that only three light neutrinos participate in weak inter-
actions [12], so any additional neutrino flavor states must be
nonweakly interacting, or “sterile.” The simplest such model
is referred to as a “3þ 1” model, where in addition to the
three known mass states, a fourth heavier one is added.
The relationship between the flavor and mass states is

described by a unitary matrix, UPNMS, which in the three-
neutrino model can be parameterized in terms of three
mixing angles and one oscillation-accessible CP-violating
phase. Adding a sterile state expands the mixing matrix to
four dimensions, in which the added degrees of freedom
can be parameterized by introducing three new rotations
with angles θ14, θ24, and θ34, and two new oscillation-
accessible CP-violating phases, δ14 and δ24. The oscillation
phenomenology of the 3þ 1 model adds both shorter
baseline vacuumlike oscillations, and also novel oscillation
effects in the presence of matter [13–17]. For eV-scale
sterile neutrino states, for example, a matter-enhanced
resonance [18–23] would result in the near complete
disappearance of TeV-scale muon antineutrinos passing

through the Earth’s core, as shown in Fig. 1. By measuring
and characterizing the flux of atmospheric neutrinos in
the GeV to PeV energy range, the IceCube Neutrino
Observatory is uniquely positioned to search for such
matter-enhanced oscillations, a smoking-gun signature of
eV-scale sterile neutrinos.
Testing the 3þ 1 model as an explanation of short-

baseline anomalies and constraining its free parameters
requires measurements in multiple oscillation channels,

FIG. 1. Muon-antineutrino oscillogram. Atmospheric ν̄μ dis-
appearance probability vs true energy and cosine zenith at the
globally preferred sterile neutrino hypothesis of Ref. [11]
[Δm2

41 ¼ 1.3 eV2, sin2ð2θ24Þ ¼ 0.07, sin2ð2θ34Þ ¼ 0.0]. Effects
include a matter-enhanced resonance at TeV energies, neutrino
absorption at high energy and small zenith, and vacuumlike
oscillation at low energies. The matter-enhanced resonance
appears only in the antineutrino flux for the case of small angles
and Δm2

41 > 0. Vertical white lines indicate transitions between
inner to outer core [cosðθtrueν Þ ¼ −0.98] and outer core to mantle
[cosðθtruez Þ ¼ −0.83].
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Figure 2. Top panel: Conventional ⌫ + ⌫̄ fluxes averaged over all zenith angles for 5 primary
spectra calculated with the EPOS-LHC model [5]; Bottom panel: ratio to Honda 06.

3. Hadronic interaction models
Spectrum-weighted moments have been tabulated as a function of beam energy for several
interaction models using the CRMC program [14]. The energy-dependent inclusive cross sections
are then derived for each model and the neutrino fluxes are calculated using the numerical
method of Ref. [15] as described in Ref. [6]. The hadronic interaction models are listed in
Table 1. The neutrino fluxes from these models are compared to each other in Fig. 3.

Model Comment
Scaling Energy-independent Z-factors from [16]
Honda [17] Tuned to atmospheric µ±; used in [11] for atmospheric ⌫
QGSjet II-04 [18] Post-LHC version of QGSjet
EPOS LHC [5] Post-LHC version of EPOS
Sib 2.3 dev [19] Development version of post-LHC SIBYLL
Sib 2.1 [20] Pre-LHC Sibyll

Table 1. List of hadronic interaction models for the atmospheric neutrino spectra in Fig. 3.
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Figure 3. Top panel: Conventional neutrino plus anti-neutrino fluxes averaged over all zenith
angles for several interaction models; Bottom panel: Ratios to fluxes calculated with EPOS-
LHC. (Note: The numerical calculations shown here by the lines do not include neutrinos from
decay of muons, which are negligible for ⌫µ with E > TeV. There is still some contribution to
TeV ⌫e, which probably accounts for the steeper ⌫e flux from the tables of Ref. [11], which do
include this contribution.)

4. Prompt neutrinos from decay of charm
There are many calculations of the flux of prompt neutrinos from decay of charmed hadrons
produced by interactions of cosmic rays in the atmosphere. Several of these are shown in
Fig. 4 with solid lines. There are uncertainties in the level of prompt neutrinos related to
limited knowledge of production of charmed hadrons and also from the primary spectrum and
composition. Examples of both are shown in the figure. The heavy solid lines are from ERS [21]
(rescaled to include the e↵ect of the knee) and BERSS [22], both assuming the H3a model for
the primary spectrum and composition.

To illustrate the e↵ect of di↵erences in primary spectrum, a simple model of the energy-
dependent charm production was made based on Fig. 2 of BERSS [22]. The prompt flux was
then calculated using the same numerical method as for the conventional neutrinos, taking
account of the much higher critical energies for charmed hadrons (3.84 ⇥ 107 GeV for D± and
9.71⇥107 GeV for D0). The results are shown for spectrum models H3a, H4a and GST1 by the

Different	  primary	  spectra	   Different	  hadronic	  interacFon	  models	  

TG:	  1605.03073	  



Summary:	  

•  Hadronic	  models	  
– Gentle	  non-‐scaling	  

•  Energy	  spectrum	  
– Gradual	  steepening	  
– Not	  a	  sharp	  break	  

•  Prompt	  
– Negligible	  for	  νμ	  
below	  100	  TeV	  	  
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Backup	  on	  primary	  spectrum	  
and	  composiFon	  



AMS	  02	  	  

the carbon and oxygen fluxes and ∼1.5% at 100 GV for the
helium flux.
Detector.—The layout and description of the Alpha

Magnetic Spectrometer (AMS) detector are presented in
Ref. [13]. The key elements used in this measurement are
the permanent magnet [14], the silicon tracker [15], and the
four planes of time of flight (TOF) scintillation counters
[16]. Further information on the performance of the TOF
is included in the Detector section of the Supplemental
Material (SM) [17]. The AMS also contains a transition
radiation detector (TRD), a ring imaging Čerenkov detector
(RICH), an electromagnetic calorimeter (ECAL), and an
array of 16 anticoincidence counters.
The tracker has nine layers, the first (L1) at the top of the

detector, the second (L2) above the magnet, six (L3 to L8)
within the bore of the magnet, and the last (L9) above the
ECAL. L2 to L8 constitute the inner tracker.
Each layer of the tracker provides an independent

measurement of the charge Z with a resolution of ΔZ=Z ¼
9% for helium, 5% for carbon, and 4% for oxygen. Overall,
the inner tracker has a resolution of ΔZ=Z ¼ 3.5% for
helium, 2% for carbon, and 1.5% for oxygen.
The spatial resolution in each tracker layer is 6.5 μm in

the bending direction for helium, 5.1 μm for carbon, and
6.3 μm for oxygen [18]. Together, the tracker and the
magnet measure the rigidity R of charged cosmic rays, with
a maximum detectable rigidity (MDR) of 3.2 TV for
helium, 3.7 TV for carbon, and 3.4 TV for oxygen over
the 3 m lever arm from L1 to L9.
Helium, carbon, and oxygen nuclei traversing AMS

were triggered as described in Ref. [2]. The trigger
efficiencies have been measured to be >94% for helium
and >97% for carbon and oxygen over the entire
rigidity range.
Monte Carlo (MC) simulated events were produced

using a dedicated program developed by the collaboration
based on the GEANT-4.10.1 package [19]. The program
simulates electromagnetic and hadronic interactions of
particles in the material of the AMS and generates detector
responses. The Glauber-Gribov model [19] tuned to repro-
duce the AMS helium data, see Fig. SM 1(a) and SM 1(b)
in Ref. [2], was used for the description of the nuclei
inelastic cross sections.
Event selection.—In the first five years, the AMS has

collected 8.5 × 1010 cosmic ray events. The collection time
used in this analysis includes only those seconds during
which the detector was in normal operating conditions
and, in addition, the AMS was pointing within 40° of
the local zenith and the ISS was outside of the
South Atlantic Anomaly. Because of the geomagnetic field,
this collection time increases with rigidity, becoming
constant at 1.23 × 108 s above 30 GV.
Helium events were selected as described in Ref. [2].

After selection the event sample contains 90 × 106 helium
events with a purity >99.9%.

Carbon and oxygen events are required to be downward
going and to have a reconstructed track in the inner tracker
which passes through L1. In the highest rigidity region,
R ≥ 1.13 TV, the track is also required to pass through L9.
Track fitting quality criteria such as a χ2=d:o:f: < 10 in the
bending coordinate are applied, similar to Refs. [2,20,21].
The measured rigidity is required to be greater than a

factor of 1.2 times the maximum geomagnetic cutoff within
the AMS field of view. The cutoff was calculated by
backtracing [22] particles from the top of the AMS out to
50 Earth’s radii using the most recent IGRF model [23].
Charge measurements on L1, the inner tracker, the upper

TOF, the lower TOF, and, for R > 1.13 TV, L9 are required
to be compatible with charge Z ¼ 6 for carbon and Z ¼ 8
for oxygen, as shown in Fig. 1 of the SM [17] for the inner
tracker. This selection yields purities of 99% for carbon and
>99.8% for oxygen. The residual backgrounds for carbon
and oxygen are discussed in the Event Selection section
of the SM [17] and in Ref. [24]. After background
subtraction we obtain 8.4 × 106 carbon and 7.0 × 106

oxygen nuclei. The overall uncertainty due to background
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FIG. 1. The AMS (a) helium, (b) carbon, and (c) oxygen
fluxes [17] multiplied by ~R2.7 with their total errors as functions
of rigidity. Earlier measurements of helium, see Fig. 4 in Ref. [28],
and carbon [12] fluxes in rigidity are also shown. (d) The
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FIG. 3: Data from giant air shower detectors. Left: Data from AGASA [31], HiRes [29], Auger [18] and Telescope Array [34];
Right: same with data of AGASA shifted down in energy by 0.7 and Auger shifted up in energy by 1.22.

propagation in models that involve collisionless diffusion
in magnetized plasmas depend only on rigidity. The first
evidence for a Peters cycle associated with the knee of the
cosmic-ray spectrum comes from the unfolding analysis
of measurements of the ratio of low-energy muons to elec-
trons at the sea level with the KASCADE detector [17].
They found that the knee occurred earlier for protons
and helium and later for heavier nuclei. The same Pe-
ters cycle pattern seems to occur also in the hardening of
spectrum observed recently around 200 GV as reported
in Refs.[8] and [9].

A. Hillas model

The model of Ref. [36] is an attempt to implement the
model of Hillas [40] in which the knee represents the end
of the spectrum of cosmic rays accelerated by supernova
remnants in the Milky Way and the ankle represents the
transition to particles from extra-galactic sources. This
picture depends on the amplification of magnetic fields by
the turbulence associated with non-linear diffusive shock
acceleration [41]. Support for the presence of magnetic
field amplification by a factor of 100 above the level the
interstellar medium comes from the narrow rims of syn-
chrotron radiation by electrons observed at the edges of
some SNR [42]. With fields of order 100 µGauss, accel-
eration of protons to energies Emax ∼ 3 × 106 GeV is
possible given the size and expansion rate of SNR [43].
In this situation it is natural to associate the knee with
the maximum energy for the bulk of the galactic cosmic
rays.
If the ankle signals the transition to extragalactic cos-

p He CNO Mg-Si Fe
Pop. 1: 7860 3550 2200 1430 2120
Rc = 4 PV 1.66 1 1.58 1.63 1.67 1.63
Pop. 2: 20 20 13.4 13.4 13.4
Rc = 30 PV 1.4 1.4 1.4 1.4 1.4
Pop. 3: 1.7 1.7 1.14 1.14 1.14
Rc = 2 EV 1.4 1.4 1.4 1.4 1.4

Pop. 3(*): 200 0.0 0.0 0.0 0.0
Rc = 60 EV 1.6

TABLE II: Cutoffs, normalization constants (ai,j) and inte-
gral spectral indexes (γi,j) for Eq. 3 for the implementation
of the Hillas model (H3a) in which all populations are mixed.
In the bottom part of the table population 3(*) consists of
protons only (H4a).

mic rays, and the cutoff for the SNR component occurs at
a rigidity of several PV, then there is a gap between the
knee and the ankle that has to be filled in by a higher en-
ergy galactic component, which Hillas calls “component
B.” In this case there would be at least three populations
of particles. There could of course be many more compo-
nents in a more realistic picture in which different classes
of sources, or even individual sources have different indi-
vidual characteristics. For this reason a three population
model is a minimal assumption in case the transition to
extra-galactic cosmic rays occurs at the ankle.

This three population picture is implemented in the
model of Ref. [36] by assuming that each of the three
components (j) contains all five groups of nuclei and cuts
off exponentially at a characteristic rigidity Rc,j . Thus

H3a	  
	  
H4a	  

GalacFc	  A	  
	  
GalacFc	  B	  

ExtragalacFc	  

TG	  Astropart.	  Phys.	  35	  (2012)	  801	   7

p He C O Fe 50 < Z < 56 78 < Z < 82
Pop. 1: 7000 3200 100 130 60
Rc = 120 TV 1.66 1 1.58 1.4 1.4 1.3
Pop. 2: 150 65 6 7 2.3 0.1 0.4
Rc = 4 PV 1.4 1.3 1.3 1.3 1.2 1.2 1.2
Pop. 3: 14 0.025
Rc = 1.3 EV 1.4 1.2

Pop. 2*: 150 65 6 7 2.1 0.1 0.53
Rc = 4 PV 1.4 1.3 1.3 1.3 1.2 1.2 1.2
Pop. 3*: 12 0.011
Rc = 1.5 EV 1.4 1.2
Pop. 4*: 1.2
Rc = 40 EV 1.4

TABLE III: Global Fit results for the cutoffs, normalization constants (ai,j) and integral spectral indexes (γi,j) for Eq. 3. In
the bottom part of the table(*) populations 2 and 3 are slightly modified to accommodate a Population 4 of protons to bring
< ln(A) > down to the observed level in Fig. 5.

approaches its maximum, as illustrated in the left panel
of Fig. 5. Another important point is that the higher en-
ergy populations can contribute significantly to the flux
in the region dominated by the lower population. The
right panel of Fig. 4 shows the overlap of the three pop-
ulations of the global fit of Table III.

The hardening of the spectrum observed by PAMELA
and CREAM around 200 GV is suggestive of the onset of
a new population [50]. In this interpretation, the Popula-
tion 1 of our global fit would be a higher energy popula-
tion which becomes dominant above 200 GV, but which
still contributes significantly at lower energies. Other ex-
planations have been suggested. For example, Ref. [51]
suggests that the hardening reflects the concave spec-
trum characteristic of non-linear diffusive shock acceler-
ation. In Ref. [52] it is suggested that a dispersion in
the injection spectra of different SNR is responsible for
the hardening of the spectrum. Reference [53] shows how
the hardening of the spectrum could be attributed to a
change in the type of turbulence responsible for diffusion
of the cosmic rays.

A general feature illustrated by the various parame-
terizations discussed here is that a Peters cycle of cutoffs
of elemental components with rather hard spectra before
the cutoff can produce regions of the all-particle spectrum
that can be described approximately by steeper power
laws. The differential spectral index between 100 GeV
and one PeV is close to 2.6 while the index above the
second knee, between 2×1018 and 5×1019 eV is approx-
imately 3.35. The individual spectra in the global fit
of Table III, for example, have differential indices below
their cutoffs ranging from 2.2 to 2.4 (except for hydrogen
and helium below 200 GV).

In the case of the ankle structure, there is one model
in which the absolute energy of the feature is fixed by
the physical assumptions of the model. That is the orig-
inal work of Berezinsky et al. [27], which explains the
dip in the plot of E3dN/dE as a consequence of physi-
cal process of pair production by protons during propa-

gation through the cosmic microwave background radia-
tion (CMB), which fixes the energy scale. In this “dip”
model, the extragalactic spectrum extends below the an-
kle and the galactic-extragalactic transition occurs below
one EeV. In this case, according to Ref. [32] there is no
need for a second, higher energy galactic component B.
However, in order to avoid a gap in the energy spectrum
around 1017 eV, the knee population would have to ex-
tend to significantly higher the Rc ≈ 4 GV as in both fits
in this paper.
The different populations of particles presumably cor-

respond to different classes of sources. For this reason
it is instructive to compare the energy content of the
different populations of particles and estimate the power
required at the source. As is well known, the total energy
in the cosmic-ray spectrum of galactic cosmic rays, which
is dominated by particles with energy below a TeV, can
be provided by supernova explosions at the rate of 3 per
century. The assumption is that approximately 10% of
the kinetic energy released goes into acceleration of cos-
mic rays, presumably by non-linear, first order, diffusive
shock acceleration. With 1051 erg in kinetic energy of
the ejecta per supernova explosion, the total power into
cosmic rays is then ∼ 3× 1050 erg/century or 1041 erg/s.
It is interesting to compare the power requirement for

the second galactic population in the two models de-
scribed above with the total power of the galactic cosmic-
ray sources. To estimate this from the parameterizations
of Tables II and III, we start from a simplified version of
the diffusion equation,

N(E) = Q(E)× τesc(E). (4)

Here N(E) is the density of cosmic-ray particles (dif-
ferential in energy) and Q(E) is the number of parti-
cles per second per unit volume at which the sources
inject particles of energy E. τesc(E) = τ0E−δ is the
energy dependent escape time from the galaxy. We as-
sume τ0 = 107 yrs and δ = 0.33. [62] Multiplying by
the factor 4π/c, which converts flux to density, we can

GST	  
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“Data-‐driven”,	  no	  input	  model	  	  	  (H.	  Dembinski	  et	  al.,	  1711.11432)	  


